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Abstract

Itis shown that the approach presented by Strack (Strack, O.D.L., 1989. Groundwater Mechanics. Prentice Hall, New Jersey)
for determining the discharge potential for an area-sink leads to a function that is unique except for an arbitrary constant. The
approach is applied to a special area-sink, namely one with an extraction rate that varies inside a polygon as a multi-quadric
interpolator (Hardy, R.L., 1971. Multiquadric equations of topography and other irregular surfaces. Journal of Geophysical
Research 76, 1905-1915). The principle of over-specification presented by Jaakdvigarnes (Jankovid., Barnes, R.,
1999a. Three-dimensional flow through large numbers of spheroidal inhomogeneities. Journal of Hydrology 226, 224—233), is
used to obtain an approximate solution. Several examples are presented he€el@f® Elsevier Science B.V. All rights
reserved.
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1. Introduction and

Area-sinks were introduced by Strack (1989) for & = kH¢ — %kHZ, ¢>H
the regional modeling of groundwater flow. The
area-sink simulates the extraction from an aquifer where k[L/T] and H[L] represent the hydraulic
over an area bounded by a polygef) see Fig. 1.  conductivity and the aquifer thickness, respectively.
The flow in the aquifer is modeled using the The components of the discharge vect@, and
Dupuit—Forchheimer assumption and is described Qy[LZ/T], are defined as the total discharge that
using a discharge potentia#[L*T], defined in  flows through the aquifer per unit width in the
terms of the headp[L] for unconfined and confined andy directions, respectively, where andy are

flows as follows: Cartesian coordinates. We consider the area-sink
by itself in an infinite aquifer, and refer to the
D= %kd)z, éd=H @ domain enclosed by the polygo#t as " and to

that outside the polygon a¥& . The discharge
potential @ thus fulfills the following differential
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discharge potential that is continuous and has a
continuous gradient acrosg, we add a harmonic

e 1
2 function @ such that it cancels the jump df and that
its gradient cancels the j Jump |n the gradlenti‘ufThe

discharge potentiakb = CD + rI) for the area-sink
thus is continuous acrosg, along with its gradient,
and fulfills the differential equations (3) and (4). The
function @ is a Cauchy integral with its strength given
along #; it consists of a sum of line-doublets and
line-dipoles (Strack, 1989) of given strength, placed
- along the straight lines that compo%e with a single
D well added at an arbitrary point of in order to
account gor the total discharge of the area-sink. The
Fig. 1. The boundary? of the area-sink and the definitions of the ~ function @ is hal’moniGeWE represent it as a real part
domains? " and <" of the complex functiom? = @ + i V.
Strack (1989) does not address the question of

and uniqueness of the discharge potentl uniqueness
1

V2P =0,(xy) E D~ 4 cannot be taken for granted since many functidns
exist with properties (5) and (6). We address this ques-
where y(x, y)[L/T] represents the extraction rate per tjon of uniqueness and prove that the approach indeed
unit area of the area-sink. Strack (1989) presents the|eads to a unique representation for the discharge
discharge potential for an area-sink bounded by a potential for the area-sink, in the sense that the
polygon and with a constant extraction rate, i.e. discharge potential is fully determined up to an arbi-
¥(X.Y) = y. and for an area-sink with a linearly trary constant. That done, we derive the discharge
varying extraction rate bounded by a triangle. potential for the area-sink.
Strack (1989) also outlines a general approach for e presentthe potential for the area-sink based onthe
determining the discharge potential for an area-sink use of high-order analytic elements alaAdo represent

of arbitrary extraction rate. , &, with their strength computed using the method of
We present here the discharge potential for an area- over-specification presented by Jankowiod Barnes

sink with the ex.traction. rgte representgd by a special (1999a). The solution presented here is implemented
case of the multi-quadric interpolator, given by Hardy the computer program MLAEM (Multi-Layer

(1971). We apply the approach presented by Strack Analytic Element Model, introduced by Strack,
(1989) for the derivation of the discharge potential for [1989]), and it has been verified that the errors along

an area-sink of arbitrary extraction rate. _ the boundary can be kept within machine accuracy.
Strack’s approach consists of two steps. The first

I
step requires that a functich be determined with the

follqwing properties: 2. Uniqueness of the discharge potential for an
I .
V2 = yxy).(xy) € 7" 5  areasink
d
and We introduce a functionP, defined as the differ-

V2 =0,(xYy) E T~ (6) ence between two discharge potentials for the same
area-sink, resultmg from two arbitrary distinct ch0|ces
This function will exhibit a jump both in value and
in its gradient across the boundary of the area-sink and
thus cannot be used by itself for a mathematical €dual to a constant. The f“nCt'O@ is harmonic,

description of the area-sink. In order to obtain a because both choices f@b must satisfy the same

for the funcﬂon(D and prove that the functlo@ is
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Poisson equation. Both discharge potentials for the and derive the discharge potential for an area-sink
area-sink and their gradients are contjnuous acrosswith the extraction ratey. The discharge potential
the boundary of the area-sink. Functi@h and its for the area-sink of extraction ratg may then be
gradient must therefore be continuous across the obtained by superposition af area-sinks with extrac-
boundary of the area-sink. The discharge potential tion ratenfl and a single area-sink of constant extrac-
for the area-sink does not exhibit singularities tion rate y,. The M coefficientsa,, are determined
anywhere in the plane other than, possibly, the bound- from constraints placed on the extraction rate. The
ary of the area-sink. We represent the harmonic func- method of collocation was used for the examples
g presented in this paper; the extraction rate is
computed at theM basis points of the interpolator
complex variable. This function?, is analytic both  \yhich yieldsM conditions. Note that the additional
inside and outside the boundary of the polygon, and is equation (8) brings the total number of equations to
continuous across this boundary. The behavior of the ), + 1, which equals the number of unknowns: tide
discharge potential for the area-sink at infinity is constantsa,, andy,. Alternatively, over-specification
known, and equals that of a well of dischar@e may be employed, whereby control points are added
where Q equals the total extraction rate of the area pesjdes the basis points, and the given extraction rates

sink. We ensure that the behavior of the discharge 4t all control points are matched in a least squares
potential of the area-sink mdatches that of a well, ggnse.

tion @ as the real part of an analytic function of a
d

I
regardledss of the choice @b; (2 is then analytic at

infinity. 2 is analytic both inside and outside and

both its real and imaginary parts are continuous across4. The discharqﬂe potentiald for an area sink of

2. It follows from the Cauchy integral theorem that extraction rate y "

this function must be equal to a constant, and therefore

the discharge potential for the area-sink, obtained by We begin the analysis required to construct the
the approach outlined above, is unique except for an discharge potential for an area-sink of extraction

. 1
arbitrary constant, as asserted. rate’y by determining the functio®, defined as zero
m m
outside the polygon and equal to a funct@pwhose
3. The extraction rate Laplacian equaly inside the polygon.

The extraction rate of the area-sink is represented i
as the following special case of the multi-quadric 4.1. The functiorrg

interpolator (Hardy, 1971), We introduce functiong 2 as

M
— VR — )2
Y= n;l am\/(x X<+ Y = Ym)= + Yo (N ?12 =(xX— Xm)z +(y— ym)z (10)
m
wherea,, m=1,2...M, are real constants,, andy, and choose a functio® such that
are the coordinates of theth basis point, andg is a "
real constant. Placement of the basis points is V2G =7 (12
discussed later in this paper. The coefficieatsulfill m
the constraint This functionG can then be set equal to the func-
I
M tion @ in 7*. Asy equalsl (see Eq. (9)), we may
— m
D an=0 ® write the LngplaciarWZG in terms of the local radial
m=1 " coordinater . For the sake of simplicity, we drop the
We introduce a functiory, defined as identifier m, except when referring to the position of

m the basis point; it is to be understood that the follow-
Y= \/(X = Xm)? + (Y — Ym)? ) ing analysis refers only to a single component of the
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extraction ratey. Thus,

i i
b=

m

=7  G=0 12
Writing VG in terms of the local radial coordinate
r (emanating fronx,, y,) and using Egs. (10)—(12),

we obtain

l d/ dG

r dr( dr) (13
or

rz—?:Jrzdr:%ﬂJrCl (14

whereC, is a constant of integration. We divide by
and integrate a second time:

3
C
G:%J%¢+J7Mr 15
or
G=1irP+CInr+C, (16)

We require thaG be finite forr — 0; C; must be zero,
and the expression fdB reduces to

G=1ir’ (17
where the constar€, was chosen as zero
C,=0 (18
i
The function® may now be written as
i
b =G xy€e g+ (19
i
®=0 xyeED (20)

4.2. The strength of the line-doublet along side |

The next step in the analysis is to determine the
strength A of the line-doublet to be placed along
J

sidej of the polygon. The line-doublet is added in
I

order to cancel the jump inb. We express the
strengthA as an analytic function of the complex
i

reference parameter, defined as
i
— Yz, +z
Z=X+iY = w (2D
i i 5(Z+1—2)

191

wherez andz,; represent the complex coordinates of
the endpoints of sidg andz equalsx + iy. If z,is a
complex number defined as

Zn = Xm Tt iV¥m (22
then we may introduce the complex numtjie{ as

— Yz, +z
Zm=Xm+iYm= ]_2(4+1 %) 23
i i i 3(Z+1—3)

We choose an arbitrary point on boundary segnent
i.e.3Z =0, and express the distancén terms ofZ
j i
andZ ., as follows:
J

“=(3) ¢z %)

(compare Fig. 2) wherg; is the length of boundary
segmenj and the factorl(J/Z) comes about because
the distance between the two points in the physical
plane @ is Lj/2 times than that between the corre-
sponding points in the dimensionlezdslane. Substi-

(24

i
tution of Eq. (24) for?in expression (17) fo6 yields

o=3(3)[¢-2G 2)]

The strength of the line-doublet,, is chosen such
J

(25

I
that it cancels the jump i, i.e.
i j
? =—¢pt = _%(
(26)

where + refers toZ*. It may be noted tha)}\ is an
analytic function ofZ (except at infinity and aZ ,,),

J J
which is real along the boundary segmegnt

4.3. The strength of the line-dipole along side j

We next determine the strength of the

line-dipole, placed along sigef #Z in ordér to cancel
the discontinuity in the normal component of the

|
gradient of @ across the polygon. If the positive
direction is normal to sid¢ and points intoz *, and

if ('g: is defined as minus the projection of the



192

O.D.L. Strack, I. JankovVi¢ Journal of Hydrology 226 (1999) 188—-196

Zm

Fig. 2. Expression of in terms ofZ.
j

gradient of G on then direction, then (see Strack,
1989)

1} 4G
r r dr

@n

wherer; is the shortest distance between papand
the line that contains side r; is positive ifz, lies on
the + side of sidg, elser; is negative. The parameter
r may be expressed in terms \l_éfn as

L
r= JY

=5 Ym 28)

The strengthr is minus the derivative qﬁ along side
j (Strack, 1989)

du du
e _2 1
j L

ds X 29
j

o

We combine the derivative of Eq. (17)

dG
F ir? (30)

with Egs. (27) and (28) to obtain

N\_l_

\J(mr (3D

Wl

g =
J

and express this in terms dI with the aid of Eqg.
(24),

L \2 _
lY(-‘) Z-Zn\(z -2
T73im2 (,— Jm)i pm

We obtain an expression fqor from Eqgs. (29) and
i

(32
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(32) on integration

_1
m 2

+ w (33

ooIH

K==
j

wherep; is the value ofM atZ = -1

We introduce a new varlablg defined as
i

X:J.Z _>j(m (34
]

so that

t —zm)(_z —Zm)=x2+Y% (35)
[ i i i

We use (35) to write expression (33) faras
j

X
i
1 L ’ 2
Hv:_gYm > X+ Ymdy + (36)
i ] ]
X1
i

X1=-"1-Xn (37

+ (39

Xln[X+ )(2+Yr2n:|]+p,j* (39
j j !

where

(40)
wherey; is the value ofu at x,, and where
i j
ey = Q (41

where N is the number of sides of? and Q is the
discharge of the area-sink, apgl, is obtained by
the use of Eq. (39). The values of the constantmay
be computed recursively as follows: i

1. (4)\°
Mj+1 = _gYm(Ej) {Xz lX% +Yh+Yh
J i j J J
xln[ X2+ Ig(% + JYzm]} + u (42
I J

X2:1_>J.(m (43

m =0,

4.4. The complex strength

The complex strength along segmérig w with

w )\+|M (44
j ] j

Substitution of expressions (26) and (39) foend IU«
in Eq. (44) gives, with Eq. (35) J

3
1 Lj 2 3. 2 2 2
=] F 2V oy 4Y Ty
¢ 9(2){[’{ 2! fmX T fm T P
3 -
EYﬁJ [X+ /X”Y%]}ﬂm (45)
] j i ]

Writing the strength in the form of a complex function

is used for derivation of the exact expression for the
discharge potential for the area-sink. The complex
sétrength represents the jump in the complex function

{0 for real values oZ between minus and plus 1.
i
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4.5. The discharge potential where @ is the discharge potential due to constant
extraction ratey,. The error in the discharge potential
The complex function that corresponds to the due to the approximation of the strength aleAgan
strength (45) is determined in an approximate fashion. be estimated using the equivalence between the poly-
Strengths of the line-doublets and the line-dipoles nomial and Fourier series representation (e.g.
were represented as polynomials (e.g. Jankawvid Jankovic and Barnes, 1999b). It follows from the
Barnes, 1999b; Eqg. (7)). This is carried out in such a maximum modulus theorem, by reasoning similar to
way that the real and imaginary parts of stren?tlare that used to demonstrate uniqueness of the discharge

: otential for the area-sink, that the complex function
matched in a least squares sense al@ngxcept at the % P

nodes of the polygor??, where the strengthw is £ cannot differ from the exact expression by more than
matched exactly (following Jankoviand Ba{rnes, the maximum difference between the approximate and

1999b; Eg. (32)). The match of the strength at the exact expressions for the strengjth along 2. The

nodes is enforced in order to ensure that the errors errors in discharge and head can thus be estimated by

in flow rates along the boundary are confined to points comparing the approximate and exact values of the

between the nodes. The match of the total discharge of strengthw.

the area-sink is also enforced in this manner. !
The discharge potential for an area-sink is obtained

by adding the individual contributions as follows: 5 Applications

Mo The multi-quadric area-sink, as described in this
= Z [g'p + (%] + P (46) paper, has been implemented in the computer program
S moom 0 MLAEM, and is used in two major modeling projects:

4

0k

(@)

Fig. 3. Piezometric contours for a section of the Minnesota River modeled using a resistance specified area-sink (a), and for a detail (b). The
leakage, presented with dashed contour lines on the detalil, is interpolated using the multi-quadric interpolator between basis points, marked with
Crosses.
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(b)

Fig. 3.Continued

the Metropolitan Groundwater Model of the Twin multi-quadric area-sink as shown in Fig. 3(a). The
Cities Metropolitan Area in Minnesota, which was aquifers surrounding the river are modeled as
created with funds from the Legislative Commis- confined aquifers; the head at a reference point
sion for Minnesota Resources, and the Dutch far away from the river is set to 300 m. The
National Groundwater Model, created by the heads in the river vary between 215 m at the East
Dutch National Institute for Integrated Water end to 209.4 m at the West end of the river section
Management and Waste Water Treatment (RIZA). modeled. The aquifer properties are as follows: the
The area-sinks may be used for the modeling of elevation of the base of the aquifer is 190 m above
given extraction and infiltration along the upper mean sea level, the hydraulic conductiviky is
boundary of an aquifer system, but their primary uniform and equal to 3.3 m/day, and the thickness
application is in the modeling of leakage. Leakage H of the aquifer is 29 m. The resistivitg of the
may occur through the bottoms of lakes and rivers river bottom is 1000 days. The leakage factbifor

into or out of an aquifer, or may occur through this case is

leaky layers that separate aquifers in a system.

The leakage is modeled in the way explained for A = +vkHc= 309 m (47)
area-sinks of constant extraction rate by Strack

(1989). The example shown in Fig. 3 was taken Experiments carried out by Douglas W. Hansen at the
from a study carried out in constructing the Metro- University of Minnesota have shown that a good
politan Groundwater Model. The objective of this approximation of the distribution of leakage is
study was to examine how the multi-quadric area- obtained by spacing the basis points of the interpolator
sinks would perform in simulating the leakage (marked with crosses) according to the valueAf
from the surrounding aquifers into the Minnesota The spacing parallel to the river banks is abaditéhd
River. The river is modeled by means of a single normal to the riverbanks the spacing varies fram
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Fig. 4. Detail of Fig. 3 after nine-fold increase in the resistance of the river bottom.

between the basis points at or near the bank and theAcknowledgements

next row, to 31 between the remaining rows. The

difference between leakage, as modeled by the area- This work was sponsored by the Dutch National
sink, and the value computed as the difference in head Institute for Integrated Water Management and
between the aquifer and the river divided by the resis- Waste Water Treatment (RIZA). The authors wish
tivity c is typically about 10% of the leakage. Piezo- to thank Douglas W. Hansen for his assistance in
metric contours are shown in Fig. 3(a), and providing the example.

piezometric contours (solid) and contours of constant

leakage (dashed) are shown for the detail of Fig. 3(b).
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