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Abstract

This paper presents a new Analytic Element formulation for high-order line elements in modeling two-dimensional ground-
water flow. These elements are line-doublets, line-dipoles and line-sinks. The jump functions for line elements are expressed as
Chebyshev series. The unknown coefficients are computed by applying the principle of overspecification to the boundary
conditions. The use of the high-order elements and the principle of overspecification have resulted in high precision and
significant improvements in computational efficiency compared to the existing collocation-based formulation. The new formu-
lation is currently being used in the development of the Metropolitan Area Groundwater Model for Twin Cities, Minnesota,
USA and for enhancements of the next release of National Groundwater Model for The Nethe2ld8@98. Elsevier Science
B.V. All rights reserved.
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1. Introduction special functions that are used to approximate the curl
and the divergence in addition to harmonic functions
This paper deals with line elements as used in the that are forms of Cauchy integrals. The latter harmo-
Analytic Element Method (Strack, 1989; Haitiema nic functions play an important role in the method,
1995). A technique is presented which makes it possi- and are used for the following two reasons. The first
ble to apply these elements with far greater accuracy one is to satisfy conditions along boundaries that
than was possible to date and makes it attractive to enclose domains of non-zero divergence or curl. The
apply elements with many degrees of freedom second one is to model a variety of linear aquifer
(elements of high order). The interested reader is features, such as the boundaries of inhomogeneities
referred for more information on the analytic element inside polygons of straight line segments, head-speci-
method to Strack, 1999, where this technique is fied boundaries (e.g. rivers), boundaries with given
presented as a general approach to determine vectodischarge, leaky and impermeable walls, and cracks.
fields that exhibit both non-zero divergence and curl.  Applications in the present paper deal with flow in
The approach is based upon the superposition of shallow aquifers where the Dupuit—Forchheimer
assumption may be adopted. The applications are
Tnespon ding author. Fax: 1-612-626-7750. presen'ted for the case pf the cqmbined confingd—
E-mail addressesjanko003@tc.umn.edu (1. Jankdyibame003 unconfined flow. For confined conditions, the relation
@tc.umn.edu (R. Barnes). between discharge potentidl and piezometric head
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¢ is given in Strack (1989) as: Where_% and_% are the end points of the elemgnand
L .l . : .
&(2) = khd(2) — %kHz (p=H: &= %kHZ) JZ is a_ posmo_n written |_n a local coordlr_1ate system
1) associated with element The element is mapped

o _ _ ~onto the segment of the real axis in the plane of the
wherez= x + iy is the complex variable defined in  dimensionless complex variableZ =X +iY

. : : L i i i
thg physical 'pland.ﬂs the hydraulic conduct|V|ty, 'a.nd betweerX — —1 andX — 1. FunctionA(Z ), referred
H is the aquifer thickness. For unconfined conditions, i o j .
the relation is: to as a jump function, is represented as a polynomial

that is real along the elemeni(Z) is the far-field

correction polynomial, one orcjer less thamJZ),

The discharge vector is the gradient of the discharge included to ensure tha@(Z) approachesl/Z) near
J J

D@2 = ik¢’ @ (p=H; = IkH?) )

potential, infinity.
9P 9 The complex potential is analytic in the cut plane
Qu=— X Q=- 3) with the cut defined by-1 = X = 1. The real part of

ay
The contribution to the discharge vector that is
presented in this paper is both irrotational and diver-
gence-free. This vector may therefore be expressed by
the use of a complex potenti&, defined as

i
the complex potentialf2(Z) given by (6) (the

discharge potential) and the tangential component of
the discharge vector jump across the element. The
stream function and the normal component of the
discharge vector are continuous across the element.
ND=d+iV¥ 4) The complex potential for a line-dipole causes a

wherey is the stream function. The discharge vector JUMP in the stream function and normal component
fields presented in this paper may be expressed in of the discharge vector across the element. The

terms of the complex derivative @ as follows: discharge potential and the tangential component of

the discharge vector for a line-dipole are continuous

Q —iQ=W2=— @ (5) across th_e ele_ment. A Iine_-sink isa Iine-dipo_le without
dz logarithmic singularities in complex potential at the

The Analytic Element Method is based upon the €nd points (Strack, 1989). .
principle of superposition; the discharge potential ~ The expression for the complex potential for a
due to each aquifer feature is represented using analy-Straight line-dipole differs from discharge potential
tic expressions that possess a certain number of (6) only in the factor outside the parenthesis, which
degrees of freedom which are used to meet the bound-iS1 times that shown in (6). For brevity, in this presen-
ary conditions. The discharge potential at any location tation the analysis is performed for the case of a line-
thus equals the sum of the discharge potentials due todoublet only.
individual elements. The influences of linear aquifer
features are represented using line elements: line-

doublets, line-dipoles and line-sinks. 2. Overspecification principle
The complex potential for a straight line-doublet, as
presented in Strack (1989), is: Strack and Haitjema (1981) express the jump func-
7 _1 tion /\(]_Z) as first and second order polynomials, while
XZ) = i AZ)In i +p2) Fitts (1985) uses a second order polynomial. Strack
i 2i j Z+1 j (1989) presents expressions for polynomials of higher
. order and demonstrates that orders up to nine may be
11 o (©) used for double-root elements but reports difficulties
zZ- E(jz + J-Z) when applying higher orders.
J.Z =71, 1 The coefficients of the polynomiah(Z) were
E(jz B jz) computed by requiring that the bounda;y condition
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be met exactly at a number of points that are referred The picture of the same visual quality as ones
to as the collocation points. For example, the contri- obtained using the overspecification may be obtained
bution of a line-sink that represents a section of ariver if each segment is divided into a number of line

of specified head is computed so that the combined elements of low order (e.g. order 2) and collocation
discharge potential of all elements gives the specified is used to compute the unknown coefficients. The

head value at collocation points.
Accurate results with this method require that the
boundary be subdivided in many elements Wit )

for each element a polynomial of order 1 or 2. The
computationally most intensive part of (6) is the term
In((Z — 1)/(Z + 1)) which has to be computed for all

. ] S
line elements. Hence, the precision is increased at the

expense of the computational efficiency.

More importantly, this approach often forces a
departure from the basic property of the Analytic
Element Method, that one aquifer feature is repre-
sented by one element. This motivates the develop-
ment of formulations for analytic elements where high
precision can be achieved without dividing a feature
into a number of elements, unless required for geome-
trical reasons.

The attempts to increase the precision by
increasing the order of th&(Z) polynomial, rather
than dividing a feature into'a number of elements,
were not successful. This is because the unknown
coefficients could not be computed using the exist-
ing collocation method. This paper does use high
order polynomials forA(Z) (orders of up to 40),

but the unknown coefficients are computed using
the principle of overspecification, developed by
Jankovic and Barnes (1999). That is, the coeffi-
cients are computed by applying the boundary
condition at a set of control points. The number
of control points is greater than the number of
degrees of freedom, and the -coefficients are
computed so as to satisfy the boundary condition

remaining part of this paper presents this new
formulation for line elements in details and a few
examples.

3. Chebyshev representation

In this paper the jump function(Z) is represented
I
as a Chebyshev series with real coefficients:

N

J
MZ) = a,Tn(2) ©
i =01 j

wherea,, are real coefficientd,, are Chebyshev poly-
nomiafs (e.g. Press et al., 1986) axds the order of

this Chebyshev series. Computatfon of the unknown
coefficients beyond order 20 is hampered by numer-
ical inaccuracies when standard polynomials are used
rather than Chebyshev polynomials. This is true even
if overspecification is applied (Jankdyit997).

The expression (7) is real along the element:

)
A = 3 anTa(X)
n=0

J

8

The definiton of Chebyshev  polynomials
T,(cos 0) = cogn 9) is used to interpret (8) as an

expanS|on of the jump functlov\(X) in a Fourier
cosine series in terms of) where X —cose

in the least squares sense over the set of controlHence, the order of the Chebyshev serles may be

points.

The benefit of the principle of overspecification
is illustrated in Fig. 1, which also demonstrates
that the problem cannot be solved by the use of
the collocation method with a single high-order
element for each straight segment. The overspeci-
fication fold is defined as the ratio of the number
of control points to the number of degrees of free-
dom, and for this example equals three. The control
points are distributed uniformly along the elements.

viewed as a truncation level in this expansion.

The correction function may also be represented as
a Chebyshev series of one order less. The expression
for the complex potential due to the line-doubjés
now written as:

N N -1

j Z-1 j
2Z)= — a,T.(Z)In- + b, T.(Z
2)= %wAQ 1 %jmw

j

€
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COLLOCATION OVERSPECIFICATION

N=5

N=10

N=20

Fig. 1. Piezometric contours for an inhomogeneity ten times less conductive than the background and a constant head line sink. Each straigh
segment is modeled using a single line elemais order of elements. Overspecification fold was 3.

The coefficientsb,, are computed so that the In((Z — 1)/(Z + 1)) in a Laurent series, following
j i

. . J . . .
discharge potential (9) behaves(as]Z)nearmﬂmty. the approach presented in Strack (1989). This
This is accomplished by expanding the term vyields the relation betweea, andb, coefficients:
i i
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through:

b=Ba (10
i j
wherea is the vector of sizél + 1 that containg,,
i j i
coefficientsp is the vector of siz&l that contains the

i j
coefficients of the correction Chebyshev seriesiish
matrix of (N + 1) columns andN ) rows. The generic

o .
term in this matrix can be obtaljned as:

B(m,n)
4 .
. forO<m<nandm+ nis odd
o form= 0 andnis odd
0 otherwise

(1D

The expression for the discharge potential (9) may be
written in a form where the influence of each coefficient
a, is explicitly represented by the use of (11)

i

N
1 ]
2Z)= — a f(n,m; Z Tw(Z 12
@)= nzol“ngo( Tr(2) (12)
where:
f(nnm2)
j
- Z -1
J _
In 7+ 1 form=n
j
4 .
= { for0 < m<nandm+ nis odd
n—m
2 .
o for m= 0 andnis odd
L 0 otherwise
(13
Hence, the influence of each coefficient is

expressed as a Chebyshev series. The highest
order terms of these series are used to create the

jump in complex potential across the element, and
all other terms are the correction terms. On the

215

element itself, the function {(12 — 1)/(Z + 1)) is:

Z -1
InJ

]Z+1
X -1 \
In;(+1+|w for—1<)J(<l,\J(=0
i
] x-1 .
In;(+l—|w for—1<X<1\J(:0
| (14

where + denotes the left side of the elemgnihen
going from the first to the second point of the element,
and — denotes the right side of this element. All the
correction terms are real along the element and do not
contribute to the discharge potential due to the
element on the element itself:

N

Z anTa(X),

nOJ
N

BX,0) =35> a,Tn(X)
i 240 i

X, 0) 0)=
(15)

The jump in the discharge potential is:
N

" _ j
APX) = D(X,0) — DX,0) =D a,Ty(X) (16)
i i j r | i

which is the jump functioml\(X), as given by expres-
I
sion (8). The stream function from expression (12) is
continuous across the element, as the term
In|(X — 1)/(X + 1)] does not jump across the
J J

element.

The discharge functiow, defined in Eq. (5), due to
the element is obtained by differentiating the expres-
sion for the complex potential Eq. (12) with respectto

daz)  dee)
W(Z) = - =-—
j dz d]Z %_%
] ]
N
2 1<
= - ; 20 ZanZg<an>Tm<Z>
n0 m=0

— NN
— ,\‘H

17
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where:
r 2 form=n
Z-1DZ+1 B
] ]
Z -1
2n|nZ 1 forO<m< nandm+ nis odd
]
"z n—-21+1 .
gnmZz)=18 Z for0 < m< nandm+ nis even (18)
j r C2A-1
Z -1
nin- for m= 0 andnis odd
Z+1
J
%
-2l +
42 Lll form= 0 andnis even andh # 0
= 21—-1
The derivatives of all correctiontermsandZ — 1) 4. Far-field representations

J
(Z + 1)) are real along the element and do not contri-

i _ :

bute to the tangential component of the discharge
vector along the element. This tangential component
may be expressed as:

Roundoff errors hamper computation of (12) and
(17) for large|Z|. The complex potential and the

discharge function are commonly evaluated for large
| Z | using asymptotic expansions,
i

N -1
4 1] NF
Qx (X,0)=—— dyTa(X), ]
P %%”“ MFiZ%ﬁ,
j 2w “=
(19 n=1
N -1 NF @
— l J
X,0)= — d Ta(X 1
Q)J((J ) L < J.n n(]) W(Z): T I Z
i ! —z2m =

— NN

i

2 1. .
whereL = |z — z| is the length of elemerjt and the . - .
j }j j| g 0 Expressions for coefficientg, are obtained by

coefficientsd ,, are obtained using the recursive rela- expanding the term IZ ! 1)/(Z + 1)) about
J n B

tion (e.g. Press et al., 1986): 1/Z =0 and retaining a finite number of the
J
0 forn>N —1
j
d,= (jjn+2+ 2(n + 1)?n+1 fornzlj\l - 1,IJ\I -2,N—-3..1 (20)
i

J
d2/2+a1 forn=0
J J
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terms (NF) that do not cancel with correction other constantsct, cs andc;) to zero. ValueB(X) is
j ]

terms. The far field representations (21) are not used Set to the value of the discharge potential that gives
in the remaining part of this paper. The expressions the specified head (according to (1) or (2)) minus the
for the coefficientse, are presented in Jankdvic discharge potential due to all elements other than
(1997). ! element.

The number of terms that needs to be retaimes, The conditions at the boundary of an inhomogene-
j ity are that both head and the normal component of the
discharge vector are continuous across the boundary.

fewer terms are needed for larger values of the modu- 1, discharge potential jumps because the hydraulic
lus. The transition between (12) and (21) was SUCCeSS-¢onqyctivity jumps and the head is continuous across

ful fqr up to order 40 if representation (21) was used ¢ boundary (compare (1) and (2)). The jump is

starting at abou|t]_Z| =102 created using line-doublets, and the boundary condi-
tion can be expressed using Eq. (22) wéth= 1 and

5. The boundary conditions a}ll other consta}nts equal to zero. Thg detailgd deriva-
tion for the desired value of the jump in the discharge

The unknown coefficients of a line element are Potential is presented later in this paper.

computed so as to satisfy the boundary condition ~Another example is an impermeable wall which is

assigned along the line element. For notational brevity Modeled using a line-doublet such ti@t(X) is zero

it is convenient to express a whole class of boundary on the element. A crack is modeled using a line-dipole

J
has to be larger if the modulu<Z| is smaller and

conditions using the following general equations: such thaQy (X) is zero. The boundary conditions for
J
CLAPX) + C2AQx (X) + ¢aQy (X) other leaky and drainy objects are presented in Strack
i i (1989).
(22 For the case of a line doublet, expressions (12),

T VX)) = a(X) (15), (17) and (19) are substituted into (22):

and N N-1
i i
CsAV(X) + CsAQy (X) + ¢7Qx (X) + cgD(X) ¢ Y apT(X) — cQE > daTa(X)
i i i i Y i IJ_ = i
= B(>j<) (23 N
1 J n

Constants; throughcg cannot be arbitrarily selected: “GT > &n > g, m; >]_<)]Tm(>j<)
these constants (and their dimensions) must be chosen j n=0" m=0
so that (22) or (23) represents a physical boundary N

condition. The physical boundary conditions that i n
Cofi SO, i 1
can be satisfied using line elements are presented in ¢, Z a, Z [ (n, m; X)]Tr(X)
j m=0 J J

Strack (1989). The first type of boundary condition 2w =
(Eg. (22)) can be satisfied by placing a line-doublet
along the elemerjt while the second type (Eg. (23)) = a()j() (24)

with a line-dipole or a line-sink.
The influence of elemertis isolated on the left-  This expression can be represented symbolically as:
hand side of these expressions for the purpose of
computing the unknown coefficients of elemgnt IJ\I
Hence, the right-hand sidex(X) or B(X)) equals
J  stdex) or BOD) eq > nUn(C1s € G Cas L, X) = al(X) (25
the boundary value minus the influence of all other ;=i i j
elements. For example, if the element is a line-sink of
specified head;s was set to the value of 1 and all the where u,(c,, Cy, C3,C4, L, X) represents the terms in
i
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(24) that contain the coefficiemt,:
]

un(Cl’ C2,C3, Cy, IJ_ 5 )]() = ClTn(>j()

2 n—1 1 n
=G D Gy Tw(X) — 3= > Zlgn, m; X)]
L i mlL & j

j m=0 i

1 &
X Tm()j() ~ iy > #lf(nm; )j()]TmOj()

m=0

(26)

The coefficientsl, ,, are obtained from (20) for a unit
value of the coefficienti,, and all other coefficients
equal to zero: :

0 form=n
2n form=n—-1
Ao = Oymiz form=n-2n-3n-4,..,1
dn2
5 orm
(27)

The benefit of the representation (25) is that the influ-
ence of the each coefficient is explicitly shown, which

is important in the estimation of the unknown coeffi-

cients?n.

6. Adding constraints

It is often necessary for special constraints to be
satisfied in addition to the boundary conditions. For

example, when line elements are combined into ),
strings, it is advantageous to constrain the complex | i j

potential to be finite at nodes. For a string which is

not intersected by other elements, this will be satisfied ™1

if the jump function is continuous at nodes.
Chebyshev polynomiall,,(X) at X = —1 equals
i

j
(—=D" and atX = 1 equals 1. Hence, the value of
the jump function at the end points is:

N N

] ]
Zen% Z%

The constraint that the jump function is continuous at

M-1) = A1) = (28)

1. Jankovi¢ R. Barnes / Journal of Hydrology 226 (1999) 211-223

nodes may be represented as:

N N

J 1 1 J 2 2

> anén=0, Y ané=o (29
nOll ! n=0 J !

1
Wheregn =(—-1" and §n =1 &) is the value of the

jump finction atX = 1 from the preceding element
in the string:

®=AX =1 (30
I

andw is the value of the jump function aCt = 1from
the next element in the string:

—-1) (3D

= A X

j+1
Other constraints (such as continuity of the derivative
of the jump function) may be expressed using the
constraint equations (such as (29)) in the similar fash-
ion. The constraints will be matched exactly.

7. Overspecification principle and least squares

The unknown coefficients,, will be computed,

i
using the overspecification principle, by requiring
the best approximation in a least squares sense over
M control points, but subject to the specified

i

constraints. This is achieved using the method of
Lagrange multipliers (e.g. Press et al., 1986). That
is, the objective function that needs to be minimized
is:

? N
m m 1 1 1
anUpy—a | +2p anén—w
e S i il = i ]
I 2
2 2
+2p anén— o
j n:OJ J ]
— MIN 32

Where 2p and 2p are Lagrange muItlpllerSQz =

a(X) un— un(cl,cQ c3,c4,L X) and X is the
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location of themth control point, which is on the
elemeni. Differentiating expression (32) with respect
to the unknown coefficientéas) and the Lagrange

i
multipliers (2;_1) and 2,_23), and setting the value of

. L) J . .
the derivativés to zero yields a system of linear
equations:

N M
S anS Bt pbt b= 40
e = R A A I A= W I R €
s=012..,N
I
N N
i 1 ) i 2 )
Z nén=0, anén = 34
i j a0 i

Note that the constraint equations (29) are exactly
satisfied.

8. Selecting the control points

The locations of control points are selected accord-
ing to:

— cos mw(m— 0.5)
= —v |
i

m=12..M (35
]

These locations yield near optimal approximations for
a large number of functions (as explained in Cheney,
1966). That is, if locations (35) are used, the errors
along the line element will be oscillatory with

approximately constant amplitudes. If the control
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element are evaluated, the coefficients for other
elements are selected on the basis of the solution for
the preceding iteration. The influence of other
elements comes in the evaluationa@®X) and B(X)

functions. The coefficients of a particullar line elément
are then obtained by solving the system of equations
given by (33) and (34) using a Gaussian elimination
algorithm. Once an element is solved, its coefficients
are then used in evaluation of the coefficients for other
elements. This combination of the globally iterative
(Gauss—Seidel) and the locally explicit (Gaussian
elimination) algorithm, originally introduced by
Jankovicand Barnes (1999), converged for all exam-
ined cases.

Note that the matrix of the system of equations, for
all presented cases, depends only on the type of the
boundary condition, order of the eleméxtand the

} i
number of control pointdV. This means that the

matrix can be set up andJ inverted only once for all
elements of the same number of degrees of freedom
and number of control points which share the same
boundary condition.

Conversion of the Chebyshev representations for
the functionsA(Z) andp(Z) to standard polynomial

i ]
representations (Jankdyit977) increases the compu-
tational efficiency. This conversion requires that the
coefficientsa, are known. Computations were carried

out in orde]r to assess differences in speed for the
example on Fig. 1. Computation using the Chebyshev
representation (12) was four times faster than that
using twenty elements of order 2. The difference in
speed increased to a factor of ten after combining
the Chebyshev polynomials to a single standard

points are selected according to (35), the required Polynomial.

value of the overspecification foldvi/(N + 1), is

I

smaller than for the case where the control points

are distributed uniformly along the element. Increase

of the overspecification fold beyord /(N + 1) = 3
i

did not significantly improve the precision in any of
the investigated problems.

9. Implementation

The implementation algorithm used to solve the
problem is iterative: when coefficients for one line

10. Examples

Several examples are presented that involve a inho-
mogeneity in the hydraulic conductivity. An inhomo-
geneity is defined here as an area, bounded by a
polygon, where the hydraulic conductivity differs
from the background conductivity. Following the
relation between the discharge potential and piezo-
metric head (Egs. (1) or (2)), the head across the
boundary of an inhomogeneity will be continuous if
the ratio of the discharge potential and hydraulic



220 1. Jankovi¢ R. Barnes / Journal of Hydrology 226 (1999) 211-223

Fig. 2. An impermeable object with a gap and a well in a uniform flow field from northeast to southwest. The stream function contours are
plotted as solid lines, piezometric contours are dashed.

+
conductivity is constant across the boundary: wherek is the hydraulic conductivity for the left side

j
+ - of the elementj when going from _the first to the
g()j() + @()j(,o) g()j() + ‘DOI-(’O) second point of the element, arkl denotes the
= (36)

]

hydraulic conductivity for the right side of this

element.g?(X) denotes the discharge potential at
||

k k
i i
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Fig. 3. The problem from Fig. 2 for an inhomogeneity one hundred times more conductive than the background. The stream function contours

are plotted as solid lines, piezometric contours are dashed.

Jordan aquifer from the METRO model, Twin Cities, Minnesota, USA. The

Fig. 4. Piezometric contours in meters for the Prairie Du Chien

major rivers (Mississippi River, Minnesota River and others) are presented as solid areas. The shaded area is an inhomogeneity that is modeled

using line doublets with overspecification.
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Okm

10km

N
{o}
N

Fig. 5. Piezometric contours in meters for a northern region in The Netherlands. The shaded areas are inhomogeneities that are modeled usin
line doublets with overspecification. The linear features are leaky walls that are also modeled using line doublets.

location (X) along the elementdue to all elements
i

other than elemenj itself. The condition can be
satisfied with a string of straight line-doublets placed
along the boundary of the inhomogeneity. The

required jump in the discharge potential can be
expressed as:

x|

.
k —
d)(x 0)—<1>(x 0)_(<1>(X)+<1>(x 0yl !

(37
i
Because the discharge potential due to the eletnent

on the element itself along the rightH") side of the
element is minus one half of the jump (expression

Finally, the required jump is:

Kk -k
j j d)

#j

Ad)()j() =2 (39

I—
k + k
i
The examples involving inhomogeneities are presented
in Figs. 1-3. The line elements for all examples (exclud-
ing Fig. 1) are of order 40. Note that for some of these
examples, the singular behavior at end points could
have been incorporated explicitly using tip elements
(Strack, 1989). This was intentionally omitted from

the formulation to demonstrate the power and the

(15)), the expression that guarantees the continuity precision of the new formulation.

of head can be written as:

N
k — k
i

) k

J

AD(X)
AP(X) = (d? -
] #)

5 (38

The new formulation has already been applied to all
the boundary conditions mentioned before. Further-
more, it is being used in the development of the
Metropolitan Area Groundwater Model (METRO
Model) for Twin Cities, Minnesota (e.g. Fig. 4) and
for enhancements of the next release of National
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Groundwater Model for The Netherlands (NAGROM)

(e.g. Fig. 5), de Lange (1996), using the computer code

MLAEM developed by O.D.L. Strack.

11. Conclusions

The presented formulation for line elements,
based on the principle of overspecification, signifi-
cantly increases the efficiency of previous formula-
tion that is based on collocation. A single aquifer

feature can now be represented as a single line
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