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Modeling aquifer systems with analytic elements and subdomains
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[11 A new approach for analytic element (AE) modeling of groundwater flow is
presented. The approach divides the modeled region into polygonal subdomains, each with
its own analytic flow model and its own local isotropic or anisotropic aquifer parameters.
This allows analytic modeling of systems where the anisotropy ratio and direction vary
spatially, an AE capability not possible without subdomains. It also allows for flexible
layering in a model, with more layers in the area of interest abutting fewer layers in the far
field. The approach is demonstrated in a model with seven subdomains and a mix of
single-layer and triple-layer areas. Checks of the model indicate that the inter-subdomain
boundary conditions can be approximated well, and where the differential equation is
approximated (multilayer areas and transient flow), that approximation can be quite

accurate.
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1. Introduction

[2] The analytic element method for groundwater flow
modeling is based on superposition of analytic functions to
yield a composite solution that can closely approximate a
variety of boundary conditions. The method, originally
developed by Strack [1989, 2003] and described by Haitjema
[1995] and Fitts [2002], fills a niche role in groundwater
modeling between the simple geometries solved by exact
analytic solutions and the highly heterogeneous, multilayered
geometries that are usually solved with numerical methods
like finite elements or finite differences.

[3] Analytic element (AE) approaches are appealing
because the domain is not discretized into a grid or mesh of
elements, but instead only boundaries of the domain are
discretized. As a result, AE models tend to have simpler
input requirements and excel at simulating small-scale detail
within a much larger scale model. The system of equations
in AE models typically generates a coefficient matrix that is
fully-populated. Adding heterogeneity adds equations to the
system. By contrast, numerical methods generate a narrow
banded coefficient matrix, and the number of equations
depends on the mesh or grid size, not on the amount of
heterogeneity. Efficient iterative solvers for large banded
matrices and the lack of computational penalty for hetero-
geneity are key factors that favor numerical methods for
very complex problems. However, numerical methods have
their drawbacks. They require fine discretization close to
features like wells or drains, have less geometric flexibility,
and can require considerable effort when it is necessary to
alter the grid or mesh.

[4] The approach presented here provides novel AE
capabilities for simulating heterogeneous and anisotropic
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aquifers in a general way. This is accomplished by de-
composing the modeled region into subdomains, each with
its own separate AE model [Fitts, 2004]. The direction and
ratio of anisotropy are homogeneous within a subdomain,
but may vary from one subdomain to another, even within
the same layer. Each subdomain model consists of expres-
sions for head, potential, and discharge that only include
terms contributed by elements inside the subdomain or on its
boundary; elements beyond the boundary don’t contribute
directly.

[s] Traditional AE techniques have treated a model layer
as an infinite planar domain, with each analytic element in a
given layer contributing terms to the potential and aquifer
discharge functions throughout that layer. Infinite-domain
AE models typically define a heterogeneity with an internal
polygonal boundary, using line doublet elements to repre-
sent the boundary segments [Strack and Haitjema, 1981;
Fitts, 1985]. If a layer contains many heterogeneities and
other boundary conditions, the number of terms in the
potential and discharge equations becomes large. To reduce
this computational burden, Strack et al. [1999] and Craig et
al. [2006] employ a scheme known as “superblocks”, where
a layer is divided into a grid of rectangular blocks, and series
expansion approximations are substituted for direct evalua-
tion of functions for elements outside of each block.
Superblocks work well to reduce the computation involved
in evaluating these functions, but they add some computa-
tional overhead and they rely on convergence of an iterative
block-by-block solution process.

[6] With the approach presented here, there is some
computational savings because each subdomain model has
equations with relatively few terms - just terms from ele-
ments on the subdomain boundary or within it. One con-
sequence of using subdomains is that assembling the system
of equations is quicker, as each equation in the system
depends on a subset, rather than all, of the other elements.
Likewise, computation of heads or discharges is rapid once
a solution is determined.
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Figure 1. (a) Example model with three subdomains.
(b) Three separate subdomain models shown separated.
(¢) Subdomain models in transformed Z coordinates, with
principal hydraulic conductivities shown with arrows. Ele-
ments on subdomain boundaries are shown with solid lines
and elements interior to subdomains are shown with dashed
lines.

[7] Infinite-domain AE approaches have already been
extended to model horizontal anisotropy using a coordinate
transformation that is commonly employed with anisotropic
flow nets [Muskat, 1937]. Bakker and Hemker [2002]
adapted AE for flow in multilayer systems with anisotropy
in each layer and Fitts [2006] adapted AE to simulate flow
near a well in a single layer with anisotropy. A limitation of
these global coordinate transformations is that the direction
and ratio of the anisotropy must be uniform throughout
an entire layer. The approach described here provides more
versatile anisotropy capabilities, allowing various sub-
domains in the same layer to have differing anisotropy ratios
and principal directions.

[8] Another benefit of this approach is that it is possible to
transition the model layering scheme across subdomain
boundaries. For example, a model could consist of a single
layer in the far field, but have a multilayer stack of sub-
domains in the area of interest. Such an example is pre-
sented at the end of this paper. This flexibility with layering
efficiently concentrates the model detail and computational
effort where it is most needed.

[9] Bakker [2006a, 2006b] presented AE techniques that
allowed modeling of multiple layers with heterogeneity,
using a mix of infinite-domain and subdomain AE ap-
proaches. His techniques result in exact distributions of
inter-layer leakage and exact solution of the governing
differential equations, which are only approximated by the
technique presented here. His techniques are restricted to
confined isotropic aquifers, steady flow, and a limited suite
of analytic elements (wells, constant-strength linesinks,
circular areas of constant recharge, and cylindrical hetero-
geneities). The techniques of Bakker [2006a, 2006b] achieve
perfect continuity of the comprehensive flow (summed over
all layers), but the normal component of flow across het-
erogeneity boundaries of individual layers is approximated
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and matched only at collocation points. The technique
presented here also approximates continuity of flow at
inter-domain boundaries, but it matches discharge across
intervals rather than matching the normal component of
flow at collocation points.

[10] Dividing the modeled region into entirely separate
subdomain models has not been done before with AE, but it
has been a common approach in boundary element (BE)
methods. Liggett and Liu [1983] and Bruch and Lejeune
[1989] applied subdivision to heterogeneous and aniso-
tropic porous media flow. Shiah et al. [2006] applied
subdivision and coordinate transformation to simulate
heterogeneous and anisotropic heat conduction in both two
and three dimensions. For models with no internal sources/
sinks, both AE and BE models boil down to distributions of
sinks and dipoles along the external model boundary. Most
boundary element approaches assume sink or dipole dis-
tributions with one, two, or three degrees of freedom per line
segment and in many cases BE line integrals are approxi-
mated with numerical integration [Beer et al., 2008; Kythe,
1995]. In contrast, AE models use analytic expressions for
the sink and dipole distributions and line elements can have
ten or more degrees of freedom [Jankovic and Barnes,
1999]. The normal component of flow between adjacent
subdomains in BE models is matched at collocation points
only [Beer et al., 2008; Liggett and Liu, 1983], so there is no
guarantee of overall flow continuity. As discussed later in
this paper, the AE approach presented here does preserve
flow continuity over intervals along a line segment. In cases
with spatially-variable areal extraction, BE methods gener-
ally discretize the extraction distribution and numerically
integrate the domain part of the integral equation [Beer et al.,
2008; Kythe, 1995].

2. Subdomain Equations

[11] The mathematical model consists of separate two-
dimensional AE models for each polygonal subdomain,
each of which has its own unique, constant aquifer para-
meters including base and top elevations, and hydraulic
conductivity. The hydraulic conductivity in the plane of the
subdomain may be anisotropic, and the anisotropy direction
and ratio can vary from one subdomain to another. Consider
the hypothetical single-layer model with three subdomains
illustrated in Figure 1. The mathematical model for each
subdomain consists of equations for the potential and
aquifer discharge vector as functions of space, with terms
contributed by all elements within the subdomain and line
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Figure 2. Coordinate systems for an anisotropic subdomain.
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Figure 3. Boundary conditions along an inter-subdomain
boundary line segment.

elements on its boundary. Along shared boundaries between
subdomains, there are strings of linesink elements with
separate strength parameters — one string for each sub-
domain. The strengths of these inter-subdomain line ele-
ments are determined by requiring continuity of head and
continuity of normal flux at the boundary, as discussed in
the following section.

[12] Location within the global two-dimensional x, y
coordinate system of the model is defined with the complex
variable z = x + iy. For each anisotropic subdomain, two
additional coordinate systems are employed. The Z; plane
represents a rotated coordinate system for the jth subdomain,
where the %; axis aligns with the subdomain’s minor prin-
cipal hydrauhc conductivity K5, and the j; axis aligns with
its major principal conductivity Kj;.

=%+ =z" (1)

where (3; is the angle between the x axis and the %; axis
(Figure 2). The Z plane represents a rotated and stretched
coordinate system which creates an equivalent isotropic
subdomain where the usual analytic element functions may
be superposed (Figure 1).

Z;=X;+i¥; = \[Ky;/Ky % + 17 (2)

Similar coordinate transformations are commonly used in
analytic solutions for anisotropic media [e.g., Muskat, 1937;
Bear, 1972]. The equivalent isotropic conductivity that
applies in the Z; plane is

K = KKy (3)

For an isotropic subdomain, Z =z and K K = Ky,

[13] The equation for the dlscharge potentlal P(Z ( ;) [L°/T]
in the ]th subdomain is the sum of AE potentlal functlons
written in terms of Z coordinates. Individual potential
functions are either solutlons of the Laplace equation (well
and line elements) or solutions of the Poisson equation
(areal extraction elements), and their sum is a solution of the
Poisson equation:

i (4)

VKK,

where 7 is the net extraction per area [L/T] in terms of the
real x, y coordinates. The extraction ~y is a distributed sink

qu)j =
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term that may have contributions from leakage out the top
(L)), leakage out the bottom (L), and flux into storage:

Oh;
=L+Ly+S = 5
Y=Lt Ly+S (5)
where S is storativity (confined) or specific yield (uncon-
fined), 4; is head in subdomain j and ¢ is time. To simulate
transient flow, finite difference time steps are used to
approximate the storage term:

P= Lty +s S (6)
where A#; is the change in head over a time step of duration
At. Haitjema and Strack [1985] previously blended AE with
finite difference time steps in this way to model transient
flow.

[14] The leakage terms L; and L, can be specified, as in
the case of recharge in the uppermost model layer or leakage
from the bottom model layer. Alternatively, they can be
determined based on the head difference between the sub-
domain and heads above or below the subdomain. If the
subdomain has leakage to an overlying surface water or
another subdomain, L, = (h; — h)C, where h, is the head
above the subdomain, and C, is a conductance term
defined as

=K, /d, (7)

where K,, and d, are the effective vertical hydraulic con-
ductivity and thickness, respectively, between subdomain j
and the overlying layer or surface water. Similar equations
define L.

[15] If a model is steady state and L, and L, are specified
and constant within a subdomain,  is constant and the
governing equation (4) may be satisfied exactly in the
subdomain by using one constant strength areal extraction
element (e.g., equation 9.15 of Strack [1989]). On the other
hand, if a model is transient or the subdomain has spatially-

Figure 4. Geometry for flow continuity expressions over
an interval 1-2 of a line segment. Point 3 is the location
of a spatially variable extraction basis point or the central
point of the constant extraction term.
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Figure 5. Example model layout in (top) plan view and (bottom) cross section.

variable L, or L,, the governing equation is only approxi-
mated, here using the spatially-variable extraction elements
described by Strack and Jankovic [1999] to create a distri-
bution ’y(Z ) that approximates the right hand side of
equation (6).

[16] The typical potential-head relations are used: ®;
Kbh; for a confined subdomain of thickness b; and <I>

J7J ]
(1/2)K {(h; — d) for an unconfined subdomain with base
elevatlon d;. With these definitions, ®;is a discharge potential

in the Z plane and the following equatlons are valid.

oP; ) %
B oY;

=-05 (8)

j

where QX , QY [L¥T] are the components of the hori-
zontal dlscharge vector integrated over the saturated aquifer
thickness.

[17] Using equations (2), (3), and (8) it can be shown that

Oy, = Ox, Oy, =\ Kij/Ky Oy, )

The discharge vector in global coordinates is determined by
evaluating equations (8) and (9) in sequence, and then the
following equation

Ox +i0, = (Q%, + l'Qy,>€""9’ (10)

3. Analytic Elements

[18] Each subdomain potential function <I>j(Z,-) is the sum
of contributions from fundamental analytic elements plus a
constant. All of the elements used here have been described
elsewhere. The standard well element described by Strack
[1989] is used in isotropic subdomains and the well ele-
ment of Fitts [2006] is used in anisotropic subdomains. Line
boundaries are represented by high-order linesink elements
similar to those described by Jankovic and Barnes [1999].

[19] Spatially-variable extraction is modeled with the
multiquadric radial basis function elements described by
Strack and Jankovic [1999]. In their work, a polygon of line
elements internal to an infinite domain bounds the extraction
area, while here the extraction area boundary is the sub-
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Table 1. Subdomain Properties
Base Top Horizontal
Elevation Elevation _ K (mday) Angle K, Vertical K Recharge

Subdomain Type (m) (m) K4 K, to x Axis (deg) (m/day) Storativity (m/day)

1 Unconfined -10 0.5 0.25 90 0.10 0.0004

2 Unconfined 10 3.0 1.5 0 0.3 0.10 0.0016

3 Confined 10 14 3.0 1.5 0 0.3 0.003

4 Confined -2 10 1.0 0.5 15 0.1 0.003

5 Confined -15 -2 5.0 1.0 30 0.4 0.003

6 Unconfined -8 0.8 0.2 =30 0.10 0.0006

7 Unconfined -5 2.0 2.0 0.10 0.0010

domain external boundary. The contribution that extraction
elements with n basis points make to ®; is

1 1
o ZEZb;/r?i—O—ZBeréj (11)
i=1

with the constraint that

(12)

i=1

where b;; is the strength parameter associated with the ith
basis point in subdomain j, 7;; is the radial distance in the Z
plane from the ith basis point to the point where ®;
evaluated, By, is an average extraction rate in subdomam ],
and r; is the radial distance in the Z plane from a centrally—
located point in the subdomain (ZO,) to the point where ®; is
evaluated. Equatlon (12) assures that the net contnbutlon of
the summation in equation (11) tends to zero and extraction
approaches By, far from the basis points.

[20] The modeled extraction rate  in subdomain j is

v = \/Ky/Ky V2 = \/Kyj/Ky <Z byrij +BOJ> (13)
i=1

The n + 1 strength parameters b; and B, are determined
with equation (12) and collocation, equating the right sides
of equations (6) and (13) at each basis point.

4. Inter-subdomain Boundary Conditions

[21] Two kinds of equations are generated at inter-
subdomain boundaries: one for continuity of head and the
other for continuity of flow. Continuity of head is enforced
at collocation points on the shared boundary of adjacent
subdomains. Continuity of flow is enforced across a series
of consecutive intervals along each line segment on the
common boundary. For example, consider one line segment
along an inter-subdomain boundary that has subdomains 1
(upper) and 2 (lower) on the left, and subdomain 3 on the
right (Figure 3). Each subdomain has a linesink element
along this line, and each of these linesinks has four unknown
strength parameters. Continuity of head is enforced at four
collocation points, each with one equation setting /#; = h,
and another setting /; = A5 for a total of 8 equations. There
are four additional equations balancing the discharge across
four intervals on the line segment: AQ; + AQ, = AQs,
where AQ; is the discharge across the interval in the jth
subdomain. There are a total of 12 equations to correspond
with the 12 unknown strength parameters associated with

Figure 6. Location of extraction element basis points (+ symbols) and line element collocation points
(x symbols) in the multilayer area of the model. Line elements shown in green. The section line A-A’

relates to Figures 10 and 11.
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Figure 7. Model-simulated heads (blue) in entire modeled
area, subdomains 1, 2, 3, 6, and 7 (upper layer in 3-layer
area). Contour interval 0.2 m. Line elements shown in green.

the boundary linesinks in subdomains 1-3. The discharge-
balancing equations guarantee total continuity of flow across
each of the four intervals on the line segment, although there
is only approximate continuity of the normal component of
flow at any given point on the line segment. In other words,
global mass balance is preserved over each interval, but
locally normal flow components along the boundary may be
discontinuous.

[22] The discharge across an interval in one subdomain is
computed by summing the discharges contributed by each
element in that subdomain. The well and line elements are
represented by analytic complex potential functions, and
their contribution to the discharge across an interval may be
obtained from the difference in the stream function at the
end points of the interval [Haitjema and Kelson, 1996]. For
the extraction elements there is no stream function and the
discharge across a line interval is computed using exact
expressions derived for this purpose. Haitjema and Kelson
[1996] presented an expression for a constant strength
extraction element and Craig [2005] presented an expres-
sion for multiquadric extraction elements based on equa-
tions by Strack and Jankovic [1999]. Similar expressions
were derived independently here, but without using coor-
dinate systems local to the line segment as was done by
Craig [2005] and Strack and Jankovic [1999]. The resulting
equation for discharge across a line segment due to the
extraction elements in subdomain j is

" pN; R+ Dy
AQy =) —— [RliDli — RyDyi + N} In (;
& ; 6 P \Rai + Dai

ByiNo
T

(D19 — Dyo) (14)

where N, R, and D are lengths defined by the geometry of
the line interval and extraction element (Figure 4).

5. Example Application

[23] The techniques described above have been im-
plemented in a research program written in the C# language.

A steady state example model is presented first and then a
transient variation on this model is shown.

[24] The model configuration is shown in Figure 5. There
are 7 different subdomains in the model. Subdomains 1, 6,
and 7 represent single-layer portions of the model that are
farther from the area of interest. Subdomains 2—-5 are the
prime area of interest near a stream, pond, and well. This
area has three model layers with leakage between the layers
and leakage between the surface waters and underlying
aquifer. Table 1 lists the properties of each subdomain.
Subdomain 7 is the only isotropic subdomain; the other six
are anisotropic with varying ratios and orientations. There
are pumping wells in subdomains 1, 5, and 7.

/) ) NN \X\\\\\ NN REEN
s/ // ) NN, N N
(aa ? / \>§>\: NN \\\\

o N N
SNy /K AN
iy \\Q\\\&Q\\\(\(\\ N \\Q\\\\\\\:i

100 m —

I e
//// '/, // / | ( RN AR

/ .
| / / 4 N N \ ~_1
// // 7 / 1 \\ \\ . \\ . \\‘

;:Q\%i///,&///////? %
—— ////// ~ - ’ )

e //,//////
N —- S A

Figure 8. Model-simulated heads (blue) in the 3-layer
area of the model. (top) Upper layer (subdomains 2 and
3), (middle) middle layer (subdomain 4), (bottom) lower
layer (subdomain 5). Contour interval 0.1 m. Line elements
shown in green. The asterisk (*) marks the line segment ana-
lyzed in Figure 9.
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Figure 9.

(top) Modeled heads and (bottom) normal component of aquifer discharge along the inter-

domain boundary between subdomains 2, 4, 5, and 6. The asterisks in Figure 8 mark the line segment
of these graphs. The line elements at this boundary have six degrees of freedom.

[25] Each line element representing an external sub-
domain boundary or a river has 3 degrees of freedom
(unknown strength parameters), while each inter-subdomain
line element has 6 degrees of freedom. Along the top edge
of the model, the normal-flux boundar;l has a specified
normal component of flux of 0.01 m’/day/m into sub-
domains 1 and 7. At the bottom edge of the model, zero
normal flux is specified in subdomains 6 and 7. At the left
edge of the model, a head of 15 m is specified in sub-
domains 1, 2, 4, 5, and 6. At the right edge of the model, a
head of 20 m is specified in subdomain 7. The river line
elements in subdomains 2 and 7 allow head-dependent flux
out of or into the model.

[26] The uniform recharge rates specified in subdomains
1, 2, 6, and 7 are listed in Table 1. In subdomain 3 there is
no recharge, but there is spatially variable leakage to an
overlying pond which has a head of 15.8 m.

[27] In subdomains 2—5, multiquadric extraction elements
approximate the spatial distribution of extraction due to
recharge and leakage. The leakage fluxes, heads, and
extraction rates are all exact at the element basis points and
approximated between them. The locations of the basis

points (+), as well as the line element collocation points (x)
in this area are shown in Figure 6. These basis point loca-
tions apply in all three model layers. The extraction basis
points were placed uniformly on hexagonal centers within
subdomains and at higher density near the well and surface
waters. The density of basis points was selected so that the
spacing between them was everywhere less than 1.5 times
the leakage factor [Verruijt, 1970] for all layers (see Strack
and Jankovic [1999] or Hansen [2002] for discussions of
basis point spacing). The spacing of basis points ranged
from 1.0 m in a small zone around the well to 23 m far from
the well, river, or pond.

[28] The entire model generated a system of 3032 bound-
ary condition equations corresponding to 3032 unknown
element strength parameters. The system of equations was
solved with a direct LU decomposition solver in five itera-
tions. Iterations were necessary due to non-linear head-
dependent equations in unconfined subdomains. In this
example, iteration terminated when the last iteration caused
no more than a 10° fractional change in any element
strength parameter. Assembling the equations took 7.1 s on
the first iteration and 3.0 s on subsequent iterations using a
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Figure 10. Comparison of steady modeled extraction and extraction based on head differences along
transect A—A' shown in Figure 6. The colored solid lines are the modeled extraction computed with
equation (13) and the black dotted lines are the extractions computed with equation (6).

personal computer with a dual-core 2.4 GHz processor.
Each LU solve of the system took 1.7 s. The total time to
solve with five iterations was 29 sec. Because of the sub-
domain approach, the coefficient matrix resulting from the
system of equations is somewhat sparse, containing 42%
zeros. The zeros could afford computational efficiencies
with a solver that takes advantage of them, although this
solver did not.

[29] Model-simulated heads are shown in Figures 7 and 8.
These plots were generated by evaluating #(®(z)) at a large
number of points (40,000) and then contouring this data.
Evaluating the solution at 40,000 points took 16 s. Figure 7
shows the modeled heads at the uppermost layer in the
whole modeled area, which includes subdomains 2 and 3
in the multilayer part of the model. The contours indicate
close approximation of head continuity at inter-subdomain
boundaries. Figure 8 shows close-ups of the head patterns in
the 3-layer portion of the model. The patterns show the
impact of discharges to surface waters and to the well in
anisotropic subdomain 5.

[30] As is typical of AE models, the specified boundary
conditions were met within extremely small tolerances at all
collocation points and AQ line intervals associated with
inter-subdomain and specified normal flux boundaries. The
quality of the inter-subdomain boundary condition approx-
imation is illustrated in Figure 9, which shows the distri-
bution of head and the normal component of discharge
along one segment of the boundary between subdomains 2,
4, 5 in the 3-layer part of the model and abutting subdomain
6 in the single-layer part of the model. The continuity of
head was perfect at the six collocation points and head dis-
crepancies between collocation points were small, nowhere
more than 0.01 m. The continuity of flux across the boundary
is perfect for six separate intervals of this line segment as a
result of the boundary condition equations. At points along

the segment, the normal component of flow is only approxi-
mately continuous. The deviations in the normal component
of flow only have local impacts, since there is precise dis-
charge continuity across the six intervals on this segment. The
inter-subdomain boundary conditions can be approximated
better using line elements with more degrees of freedom
[Jankovic and Barnes, 1999].

[31] In the multilayer part of the model, the governing
differential equation is met exactly at basis points but only
approximated between basis points. Figure 10 shows a
check of the accuracy of this approximation, comparing the
modeled extraction computed with equation (13) (colored
lines) to the extraction computed with equation (6) and
modeled heads (black dotted lines) along transect A—A' in
Figure 6. The results indicate a very close agreement and
good approximation of the differential equation. The poorest
approximation is out near the ends of the transect, where the
basis point spacing is larger.

[32] A transient case of this model was run, using the
steady case described above for the initial head condition.
The well in subdomain 5 is shut off at the start of the
transient run. Spatially variable extraction elements were
added on 50 m centers throughout subdomains 1, 6, and 7 so
that extraction due to storage changes could be simulated
throughout the entire model. The model was run for ten time
steps over a two-day period, with each time step 1.4 times
longer than the prior step. The transient evolution of heads
along transect A—A' in subdomain 5 is illustrated in Figure 11.
Figure 11 also shows the quality of the approximation
of the differential equation along this transect at the end of
the first four time steps. The plot indicates very close
approximation of the differential equation, even near the well
at early times, when there is high extraction due to water
entering storage.
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(top) Transient head profiles in subdomain 5 along transect A—A’ shown in Figure 6. Initial

heads are shown in blue and transient heads shown in red at the following times (days): 0.029, 0.069,
0.125, 0.204, 0.314, 0.468, 0.683, 0.985, 1.41, 2.0. (bottom) Transient model extraction in subdomain 5
along transect A—A'. The colored solid lines are the modeled extractions computed with equation (13) and
the black dotted lines are the extractions computed with equation (6). Curves are shown for the first four

time steps.

[33] This technique was also checked against the USGS
MODFLOW finite difference program [Harbaugh et al.,
2000] in a model with simple rectangular geometry, multi-
ple layers, four subdomains with variations in anisotropy,
and transient flow. The grid spacing in the MODFLOW
model was comparable to the spacing between extraction
basis points with this approach. The two approaches yiel-
ded nearly identical results for spatial and temporal head
distributions.

6. Discussion

[34] The example model demonstrates that the subdomain
approach can simulate moderately complex systems with
heterogeneity, multiple layers, and variable anisotropy. The
boundary conditions at inter-subdomain boundaries can be

met with reasonable accuracy, and the differential equation
can be approximated well with a sufficient density of extrac-
tion basis points.

[35] The subdomain approach presented here provides a
useful extension of the AE method. It adds the ability to
model regions with anisotropic media that are also hetero-
geneous in the ratio and direction of the anisotropy. Such
variations in anisotropy are often controlling factors in
problems involving seepage through embankments or flow
in fractured rock. This approach also allows the model’s
layering scheme to vary; there can be more layers in the area
of interest than in distant areas, efficiently concentrating
layering detail only where it is needed and warranted by
data.

[36] Another advantage is that subdomain boundary ele-
ments may serve multiple purposes, helping reduce the size
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of the system of equations. For example, an inter-domain
boundary could also serve as the abrupt margin of a spatially
variable area sink and as a specified-flux boundary (e.g.
an impermeable slurry wall). With infinite-domain AE
approaches, multiple elements are typically required for
these purposes. Another benefit is that once a solution is in
hand, computation of heads and discharges for post-pro-
cessing is quicker since the subdomain equations for potential
and discharge are shorter than infinite-domain equations. A
final benefit is that the resulting coefficient matrix is some-
what sparse, which means less computation is needed to
assemble the coefficient matrix. While not exploited here, this
could lead to computational savings with a solver that
exploits the zero coefficients.

[37] Compared with infinite-domain AE approaches,
there are some minor drawbacks. One is that at heteroge-
neity boundaries there is only piecewise continuity of flow
across intervals. As the example demonstrated, this draw-
back can be minor in a well-conceived model. Another
drawback is that this approach generates equations for
continuity of flow at heterogeneity boundaries whereas no
such equations are needed in infinite-domain models. In the
example model, this requirement contributed 102 equations
to the 3032 total equations (3.4% of all equations), a rela-
tively small incremental cost.

[38] As the example demonstrates, solving the entire
system with a direct solver is reasonably quick for a system
of several thousand equations. With substantially larger
systems, this wouldn’t be the case and a different solution
scheme might be more efficient. One alternative would be to
solve the entire system with an iterative solver [Barrett et al.,
1993] instead of a direct solver. This has not been tried here,
but iterative solvers can be more efficient than direct solvers
for large and sparse systems. Another alternative would be
to solve subsets of the entire system and iterate to achieve
convergence, an approach that would take advantage of the
sparseness of the entire system of equations. Solving ele-
ment-by-element worked well in systems involving mostly
line doublet or line dipole elements [Jankovic and Barnes,
1999], but when tried here with numerous source/sink ele-
ments, convergence was poor. Solving domain-by-domain
was also tried here with mixed results. Most cases converged,
but convergence was less dependable with multilayered
systems. This option may warrant further exploration, trying
different ways to organize the equations for each domain and
various schemes for updating coefficients at each iteration.
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